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Abstract. In this pa per , we pursue the study of harmonic functions on the real hyper- 
bolic ball started in [|l2|. Our focus here is on the theory of Hardy, Hardy-Sobolev and 
Lipschitz spaces of these functions. We prove here that these spaces admit Fefferman- 
QQ ' Stein like characterizations in terms of maximal and square functionals. We further 

prove that the hyperbolic harmonic extension of Lipschitz functions on the boundary 
extend into Lipschitz functions on the whole ball. 
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j^ , 1. Introduction 

In this article, the sequel of [O], we study Hardy, Hardy-Sobolev and Lipschitz spaces of harmonic 
functions on the real hyperbolic ball. There are two main motivations for doing so : 

While studying Hardy spaces of Euclidean harmonic functions on the unit ball B„ of M", one is 
^ ' often lead to consider estimates of these functions on balls with radius smaller than the distance of 

CO . the center of that ball to the boundary S"~^ of B„. Thus hyperbolic geometry is implicitly used in 

the study of Euclidean harmonic functions. 

The second motivation of this paper lies in the recent developments of the theory of Hardy and 
^— 5 ' Hardy-Sobolev spaces of Al-harmonic functions related to the complex hyperbolic metric on the unit 

Q^ . ball, as exposed in [|l| and [gj. Our aim here is to develop a similar theory in the case of the real 

0^ ' hyperbolic ball. In this paper, n will be an integer, n > 3 and p a real number, < p < -|~oo. 

^ . Our starting point is a result of [|2| stating that the Hardy spaces Ti^ of hyperbolic harmonic 

functions (7i-harmonic functions in the terminology of [[l2[ ) admit an atomic decomposition similar 
to the Euclidean harmonic functions. Then, for < p < -foo, define the space 7Jp(S"~^) as LP(§"^^) 
ii p > 1 and as the equivalent of Garnett-Latter's atomic iJ^-space if < p < 1 (see [|2| for the exact 
definition) . This space has been characterized in terms of square functionals of the Euclidean harmonic 
extensions of its elements by Colzani Q. We will here give these Fefferman- Stein characterizations 
directly in terms of their 7i-harmonic extensions. More precisely, for an 7i-harmonic function u, we 
C^ ' prove the expected equivalence between u € 7i^ and its non-tangential maximal function, area integral 

or Littlewood-Paley g-function belonging to LP{E>"~^). 

In doing so, a choice of two methods is presented to us. We may cither use the link between 
7i-harmonic functions and Euclidean harmonic functions from IJO as for the atomic decomposition 
or else, adapt the proofs in Fefferman- Stein H to our context. In both cases some difficulties appear. 
For the first method, the link we use only allows to transfer results from the interior of the hyperbolic 
ball to the interior of the Euclidean ball, and from there to the boundary S"^^ (by usual methods). 
Unfortunately a converse link that would allow us to go back from the Euclidean ball to the hyperbolic 
ball is only available in even dimension. Note also that another link back from the Euclidean ball to 
the hyperbolic ball has been exhibited in |13] -see |l2| , lemma 9- but this link implies loss of regularity 
and is thus not adapted to this context. 
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lemma 3 
in even dimension 

Figure 1. Links between hyperbolic and Euclidean harmonic functions 

In order to present unified proofs independent of the parity of the dimension of the balls, we have 
thus inclined for FefFerman-Stein's method. In doing so, the main difficulty is that the hyperbolic 
Poisson kernels do not form a semi-group under convolution. In particular, if the function u is Ti- 
harmonic, the function ug : x t—f u{Sx) may not be 7i-harmonic anymore. This leads us to introduce 
the concept of TY^-harmonic functions and to get estimates on these functions. 

Our next interest is in developing a theory of Hardy-Sobolev spaces of 7i-harmonic functions, 
similar to the one developed in yj . The first step is to prove mean value inequalities for 7i-harmonic 
functions and their derivatives. This is done by adapting the proof in using the theory of hypo- 
elliptic operators. We think that our mean value inequalities have an interest in their own and that 
the proof should adapt to all rank one spaces of the non-compact type. The remaining of the proofs 
are direct adaptations of g]. However, as in [|l2| where it is proved that the boundary behavior of 
derivatives of H-harmonic functions dependeds on the parity of the dimension of B„ , it is proved here 
that the characterizations of Hardy-Sobolev spaces depend on the parity of the order of derivation. 
Note that Graham ||9|] has already notice a dependance of the behavior of harmonic functions on the 
parity of the dimension of the balls. 

Finally, we take advantage of the link between Euclidean and hyperbolic harmonic functions to 
show how results on Lipschitz spaces of Euclidean harmonic functions (see iQ ) can be transfered to 
the hyperbolic harmonic context. In particular, we show that the 7i-harmonic extension of a Lipschitz 
function on the boundary is still a Lipschitz function of the same order on the whole ball. Further, 
we prove that in odd dimension, the limit-class preserved by 7i-harmonic Poisson integrals is the 
Zygmund class of order n. This completes a result in ||l3| that states that this regularity is optimal 
in the sense that the 7i-harmonic extension of a function on §"~^ is at most in this class. 

This article is organized as follows. In the next section we present the setting of our problem 
and state our main results. Section 3 is devoted to the proofs of the technical lemmas we will need, 
including the mean value inequalities. In section 4 we prove the Fefferman-Stein characterization 
of our Ti^ spaces. The following section is devoted to the proofs of similar characterizations for 
Hardy-Sobolev spaces while in the last section we give the results on Lipschitz spaces. 

2. Statement of the problem and results 

2.1. SO{n,l) and its action on B„. Let G = SO{n,l) C G'i„+i(R), (n > 3) be the identity 
component of the group of matrices g — {gij)o<ij<n such that goo > 1: detg = 1 and that leave 
invariant the quadratic form — Xg + xf + . . . + x'^. G admits a Cartan decomposition G — KA+K 
where 

X^{fc^(J 0) -.keSOin) 
and 
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In this decomposition, every g (z G can be written g ~ kgatig\k . 

Let |.| be the Euchdean norm on M" and (., .) the associated scalar product. Let B„ = {x G M" : 
|a;| < 1} and §"~^ = 9B„ — {x € M" : \x\ = 1}. The homogeneous space G/K can be identified with 
B„, and it is well known (see |15|) that SO{n, 1) acts conformaly on B„ hy y — g.x with 



Vp 



^-^ffpo + Li^i 9pixi 



for p = 1 , . 



The invariant measure on B„ is given by 



d/i 



dx 
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(l-|a;|^)«-i (l-r2)"-i 

where dx is the Lebesgue measure on B„ and da is the surface measure on S"^'^ 
We will need the following elementary facts about this action (see 
Fact 1. Let g e SO{n, 1) and let xq = 5-0. If < e < ^, then 

B{xo, ^(1 - \xo\^)e) C g.B{0,e) C B(xo, 6(1 - |xo|')e). 

Fact 2. Let g G SO{n, 1) and let xq — g.O. Let v be a smooth function on B„ and define f on B„ 
by f{x) — v{g.x). Then, for every k, 



where IV'^I means sup{ 



aioi 



dx'^* 



{l-\xo\y\V''v{xo)\<G\V>'f{0)l 
a\ < k}. 



2.2. The invariant laplacian on B„ and the associated Poisson kerneL From |T^ (see also 
[n|,H), we know that the invariant laplacian on B„ for the considered action can be written as 



D = (l-r2)2A + 2(n-2)(l-r2)^Xj 



9a:,: 



where r = |a::| = (xf + . . . + x^)^/^ and A is the Euclidean laplacian A — N^ 

1=1 
Note that D is given in radial-tangential coordinates by 

1^ [(1 - r^)N^ + (n - 2)(1 + r^)N + (1 - r^)A,] 



dxY 



D 

d " 9 
with N = r—— = y Xi— — and A^ the tangential part of the Euclidean laplacian. 
dr ^-^ oxi 

i—l 

Definition. A function u on B„ is H-harmonic if Du = on B„. 

Notation : Let L ^ ^ [(1 - r'^)N'^ + (n - 2)(1 + r'^)N + (1 - r2)A„] . Thus Du ^ ii and only if 
Lu^O. 

Green's formula for D is given by the following theorem : 
Theorem 1 (Green's formula). Let il be an open subset of B„ with C^ smooth boundary and let 
n be the exterior normal to dH.. Then for every functions u,v G C^{il.), 



(1- \x\^y^{uDv-vDu)dx-- 
n Jan 



dv du 
on on 



{l-r-) 



,2\-n+2 



da. 
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The Poisson kernel that solves the Dirichlct problem associated to D is given by 

r.2 \ "-1 



/ 1 - r^ V 



for < r < 1, r;, ^ e §"-i i.e. for rrj G B„ and ^ G §"-i. 

Recall that the Euclidean Poisson kernel on the ball is given by 

Notation : For a distribution Lp on S"^-'-, we define ^elf] : B„ i— s- R and P/i[iy9] : B„ h^ M by 

PeMH) =(</?, Pe(rr;,.)) 
P,,M(r77) =(</?, P,,(r77,.)) 
Pe['^] is the Poisson integral of (/s, and P/Jf^s] will be called the TL-Poisson integral of ip. 

2.3. Expansion of TY-harmonic functions in spherical harmonics. Let 2F1 denote Gauss' hyper- 
geometric function and let Fi{x) — 2^1 (^, 1 — f , ^ + f ; a;) and fi{x) — -pj^. (See H] for properties of 
2F1 used here). 

In iQ , |lj] and [|5| , the spherical harmonic expansion of 7i- harmonic functions has been obtained. 
Another proof, based on the method developped in [Q for A^-harmonic functions, can be found in 
fllfl . We have the following : 

Theorem 2. Let u he an H-harmonic function of class C^ on B„. Then the spherical harmonic 
expansion of u is given by 



*K) = E/'(^')"'«)' 



I 
where this series is absolutely convergent and uniformaly convergent on every compact subset of B„. 

Moreover, if we denote by Z^ the zonal function of order / with pole C, then the hyperbolic Poisson 
kernel is given by 

Recall also that the Euclidean Poisson kernel is given by 

l>0 

In case the dimension n is even, this two kernels are linked by the following. 

Lemma 3. Assume n is even, and write n =^ 2p. There exists p polynomials Pq, Pi, . . . , Pp_i such 

that, for every < € B„, ^ e §""1, 

fe=0 

Proof. For a G M, write (a)fe — ^^,\ ' . From g we get 

Let aij be defined by a/, = 1 and a/.j+i = (I + 2{p — 1) — j)a/.j, then by Leibniz' formula 



2Fiii,i-p,i+p,x) - ., , \ E f^ , ^) ip)m.i^'a-=^y 



G+p)p-i;^V •?■ 
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In particular 2-Fi(^ ^ — pj + pA) ~ ^ 

Fi{x) 






FiiD ^V J 

Furthermore, it is easy to see that one can write 



E 



thus 
p-1 



{p)jaijx^{l-xy 



ai. 



= £afc,,?(/- !)...(/- fc + 1) 



fc=0 



where the coefficients akj are independent from I. It results from this and the spherical harmonics 
expansions of P/i and Pg that there exist polynomials Po,Pi, . . . , Pp-i such that, for every r^ G B„, ^ G 



\K,0-E^''-W(i 



„2^fc 



k=0 



Q^k 



M.O- 



which completes the proof. □ 

In |12[] , the following link between euclidean harmonic functions and 7i-harmonic functions has 
been exhibited : 
Lemma 4. There exists a function ij : [0, 1] x [0, 1] i-^ M+ such that 

i: FeirC,0=IoVir,p)PhiprC,Odp, 

ii: for every k, there exists a constant Ck such that for every r e [0, 1], 



dr 



r]{r,p) 



dp< 



C 



{1-ry 



Proof. According to |13], the function rj is given by 



rj{r, s) = c(l - r2)(l - r^s^-'' [(1 - s)(l - sr^)] ' 
The etimate ii/ is easily obtained by differentiation. 



-2 2i_i 
S2 \ 



a 



2.4. Hardy and Hardy-Sobolev spaces. The aim of this article is to extend FefFerman-Stein [pi 
theory to Hardy and Hardy-Sobolev spaces of 7i-harmonic functions. We will therefore need to define 
analogs of non-tangential maximal functions, area integrals and Littlewood-Paley g functions. 
Definition. For < a < 1 and C € S"~^, let Aa{C) be the interior of the convex hull of i?(0, a) and 
C ; ^q(C) ^m be called non-tangential approach region. 




radius a 



Figure 2. non-tangential approach region Aa{C) 

For a function u defined on B„, define the following functions on §"^^ ; 
1. A^[u](0 = supo<^<i|u(r-O|, 
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2. M4u]{^) = snp^^j^u. \u{ 



3. 5„M(0 = 

4. S^um^ 



A^iO 



|V^x)|^(l-|x|^) 



2N-n+2 



dx 



\Nu{x)f{l- \x 



2\-n+2 



dx 



5. 9[um^[j,'\vu{tmi-t^)dtY. 

We can then define the Hardy spaces for < p < +oo as 

HP = {uH- harmonic : M[u] e ^^(S""^)}. 

We win prove the following result : 
Theorem A. For < p < 2 and u H-harmonic, the following are equivalent : 

1. u e HP. 

2. u has a boundary distribution in _ffP(§"^^). 

3. Ma[u] e iP(§"-i) for some < a < 1. 

4. Sa[u] e iP(§"-i) for some < a < 1. 

5. S^[u] G iP(§"-^) for some < a < 1. 

6. g[u] e iP(§"-i), 

7. g^[u] e LP(§"-i). 

Moreover, tiie equivalence of 1,2 and 3 is vaJid for Q < p < +oo. 

Remark : This theorem implies, in particular, that if assertions 3, 4 and 5 are satisfied for some a, 

they are satified for every a. 

Note that with lemma 3, part of this theorem is obvious in case the dimension n is even. However, 
we prefer giving here unified proofs independent of the parity of the dimension. 

Define now the Hardy-Sobolev spaces for < p < +oo and fc e N as 



and 



UP^^{un- harmonic : for aU j < k, M [W^u] G LP{W'-^)}. 



iJP(§"-i) = {/ e i7P(§"-i) ; V^/ e i7P(§"-i), < j < fc}. 



We prove the following theorem : 
Theorem B. For < p < 2, for every integer < k < n 
the following are equivalent : 



2 and for every Ti-harmonic function u, 



1. uenp. 






2. u has a boundary distribution in _ff|'(§" ^). 

3. u has a boundary distribution f satisfying {—A„)2f g _ffP(S"^^) for < I < k. 

4. ue nP^_^ and for some a such that < a < 1, Ala[(-A^)'=/2u] e LP(§" 

5. ue nPt^_^ and for some a such that 0<a<l, S^ [{-A„)''^^u] e LP(§" 

6. ue nl_^ and for some a such that < a < 1, S^[i-A^)''/^u] e LP(§" 

7. ue HP^._-^ and for some a such that 0<a<l, S^ [N'^u] e £^(§""1). 

8. ue nl_^ and for some a such that < a < 1, S^[N''u] e LP(§"-1). 

9. ue nl_^ and for some a such that < a < 1, 5„[V'^m] e £^(§"-1). 

Moreover, the equivalence ofl, 2, 3 and 4 is valid for < p < +oo. 
Remark 1 : Again, this theorem implies that if assertions 4 to 9 are satisfied for some a, they are 
satified for every a. 
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Remark 2 : As (— Ao-)^^^ preserves 7i-harmonicity, the equivalence of 2, 4, 5 and 6 means that 
(— Ao-)^'^u e Ti^- The equivalence between 2 and 3 then follows from the atomic decomposition of 
iJP(S"~^) and standard singular integral arguments. 

Remark 3 : Let Cij = a^igf- — ^j-Sr- They satisfy A^. = 'l2i<i^li- ^^ i^ obvious that the 
Cij^s commute with the invariant laplacian D so that they preserve 7i-harmonicity. Further, if I 
is an odd integer with I = 2la + 1, we can replace (— Ao-)'^^ in 4, 5 and 6 by the set of operators 
{A^oC^^jU : 0<i,j<n}. 
Define now 

nlj^ = {ue HP; M [N^u] e iP(S"-i), < / < fc}. 

We study the relationship between Ti^ and 7i^ ^ . The situation is slightly different as parity of the 

order of derivation is involved. 

Theorem C. For 0<a<l, 0<p< +oo, and k an integer, < k < n — 2. Then 

1. If k is even, the foUowing are equivalent : 

(a) u&nlj^. 

(b) For some a such that < a < I, for every < I < k, Ma [N^u] G LP(§""1). 

(c) u € Ti.^. and hence all the equivalent properties stated in theorem B are valid. 

2. If k is odd, the following are equivalent : 

(a) u e nl^^ 

(b) For some a such that < a < I, for every < I < k, Ma [N^u] G LP(§"-1). 

(c) u G nl_^ and M \{1 - r^)A^u] G LP(S"-1). 

Rem,ark : The third assertion in part 2, i.e. when k is odd, is in particular satisfied when u G 'H^_^ and 
Ma (— Ao-) 2u G LP(S"~^), that is when u is in 7i^. This gives the inclusion 7i^ C H^. ^. However, 

the space H^ ^ is strictly bigger. 

This result looks, at first sight, quite surprising since it is usually expected that the radial derivative 
dominates the gradient. In fact, this is naturally true in the interior of the domains and for instance, 
S'a(A^'u) G LP(§"~^), < / < A: implies (and in fact is equivalent to) u G H^ as stated in theorem B. 

It is no longer true for conditions involving the behavior of the radial derivatives near the boundary. 
For instance, when fc = I, we know from |12| that Nu has a boundary distribution that is identically 
zero. So, for u 7i-harmonic, to be in ?i^ jy can not be translated as a constraint on the boundary 
behaviour of u. 

3. Preliminary lemmas 

3.1. Mean value inequalities. Recall that 7i-harmonic functions satisfy the following mean value 
equalities : 

Let a G B„ and g G SO{n, I) such that g.O = a. Then, for every TL-harmonic function u, 

^(") = /u/n ^^ / u{x)dii{x). 

fl{B{0,r)) Jg.B{0,r) 

Thus, with fact 1 and dfi = _^,^p , we get 

(3.1) \uia)\<—-^^ f \uix)\dx 

(1 - \a\ )" Js(a,6(l-|ap)e) 

We will also need mean value inequalities for normal derivatives of 7i-harmonic functions, in par- 
ticular when we study Hardy-Sobolev spaces. But, normal derivatives of 7i-harmonic functions are 
no longer H-harmonic, so that inequality (3.1) does not apply to them. 

To obtain this inequalities, we will follow the main lines of the proof in pj for Al-harmonic functions. 

Therefore, we will first study the commutator between N'' and L (which is easier to compute than 
the commutator between N'^ and D). This leads us to the existence of an elliptic operator Ng such 
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that for every 7i-harmonic function u, N'^u is annihilated by Nq. We can then apply L^ theory of 
elliptic operators and get estimates for N'^u in 0. To obtain the estimates in an arbitrary point a of 
]B„, we transport the result from to a with help of the action of SO{n, 1) on B„ by computing the 
action oi g £ SO{n, 1) on N^. 
Note that 

(3.2) LN~ NL = 2L + 2{N^ + A„)-2{n-2)N 

Moreover an easy induction argument shows that there exist two sequences of polynomials {Pk)k>i 
and {Qk)k>i of degree fc — 1 such that for fc > 1, 

LN'' = {N + 2lfL + PkiN)N^ + Qk{N)A„ ~ 2{n ~ 2){N + 2lf-^N. 

From this, using the same induction as in H, we get 
Proposition 5. For every k, there exist polynomials Sk{x, y) of degree at most q—1 (with q — 2^~^) 
and Rkix, y) — x'' + . . . such that, if u is TL-harmonic, then 

L{Rk{L, A,) - Sk{L, A„)N)N'''u = 0. 

We thus conclude that if u is 7i-harmonic, then v = N^u is a solution of an equation NgW = with 
Ng = i«+i + ... andq = 2'=-i. 

We will use the following formalism : if M is a differential operator and $ a diffeomorphism of B„ 
and if / = t! o $, then define <i>*M by 



$*M(/) = {Mv) o $. 



It is then obvious that 



(3.3) $*(Mio Afa) =($*Mi)o ($*M2) 

(3.4) $*(/iM) =/i($).$*M 

We will consider v = N^u with u 7i-harmonic, so that NgU — with Ng — L{Rk{L,Ao-) — 
Pk{L,A„)N)=L'i+^ + ... 

TTO TTO 

Let g e SO{n, 1) be such that g.O ~ pC, = a E M„ and let <i>a : " 

X I ^ 3 ''^ 

But, by definition, D is invariant by the action of 50(71., 1) on B„, that is ^aD — D. On the 
other hand, D = (1 - \x\'^)L thus (3.4) tells us that <^aD = (1 - |$a(x)p)$a*i, which implies that 
^a*L = /_| _ ri L, and the formula of ||l5[ page 39 gives 

^^.^^il±Z}xl-prX)l^^ 
1 — p^ 
Further ^aN is a differential operator of order 1 with C°° coefficients defined by 

^:Nf[x) -($„(a;),d«$„(,)) = ($,(a:),d(/o$-i)$^(,)) 

= ($a(a;),C.d($^^)$„(^)) 

thus, if a; e 5(0, e) then, with fact 1, $a(a;) S B[a, 6(1 — a^)e), and with fact 2 (apphed to v{x) — x), 
the coefficients of (1 — \a\ )^aN as well as their derivatives are C°° and bounded independently of a. 

As $a*iV2 = {<i>a*N) o {<^a*N), (1 - \af)'^<^a*N'^ is & differential operator of order 2 with C°° 
coefficients bounded (as well as their derivatives) independently of a. 

At last, A^ = T^^ - N"^ - [n- 2)j^7V thus (1 - \a\^)^aAa is also a differential operator of 
order 2 with C°° coefficients bounded (as well as their derivatives) independently of a. 

Finally, Ng = i''+^+ terms of order < 2q in L, A^. and N with C°° coefficients, thus 
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$a*Ng =^a*L'^^^ + terms of order < 2q with C°° coefficients 

(l_p2)g+l 

+ terms of order < 2q with C°° coefficients 

where M.qa is a differential operator of order < 2q with C°° coefficients. 

Let u be an 7i-harmonic function, v — N^u and f — v o ^g.. As v satisfies NgW ~ 0, f satisfies 
(1 - |a|^)9+i$a*N,/ = on B{0,e) (with e.g. e < i). We have thus shown that (1 - p^)i+'^^a*^q 
satisfies on B(0,e), e < 1/6, all the hypotheses (with constants independent on a) of the following 
theorem (see [|| page 678) : 
Theorem 6. Suppose P{d) is a differential operator in R^ , 

P{D)= Y. K{x)D- where I?« = ^...^, 

\a\<2q 1 ^ 

wfiicfi is elliptic witli constant cq in B{0,s), that is, 



J2 f^^i^)^" ^ colel'" for ^ e 

\a\=2q 



!,N 



and with ha & C°°{B{0,e)). Assume that P{D)f = in B{0,e). Then, for all non-negative integers 
m and all p such that < p < oo, 

N"'fm<c([ \f{x)fdx] , 



where C depends only on cg, £, m,p and a bound of the norms of the functions ha in some C'^ (^B {0 , e))- 
space with I = l{m) 
From this, we get 

|v'^/(o)i <c{ I \f{x)\^d^ ^ <c( f \fixr — - — ^ ' 



or, with Fact 2, 



x\<e '" ' " / v-'i^i^'^ " ' " (1 ~ 1^1 y 



\^Ma)\<c{ \vo^,{x)fdfi{x)] x(l-|a|2)- 

VB(0,e} J 



where p is the G- invariant measure on B„ . Thus 



|V'^v(a)|<c / \v{x)fdfi{x)] x(l-|a|')-'^ 

\Jg.B{0.e) J 



and, with Fact 1, 
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\yMa)\ <clf i<-)i'7r4^ ' " (1 - I'^i')" 

<c{l-\a\Y'-T( f .Hx)fdxy 

yJs(a,6(l-|a|2)£J J 

In conclusion, wc have just proved the foUowing lemma 

Lemma 7 (Mean Value Inequality). For every 0<e<^,k,dGN,0<p< +oo, there exists a 

constant c such that, for every Ti-harmonic function u, and every a G B„, 

\V^N''u{a)\ < c(l - laiy'^-f I [ |7V'=M(x)f dx ) . 

\JB{aMl-\a\^)e) J 

Remark : In case d = (V° — I), k ~ and p = 1, we again obtain inequality (3.1). 

Let Ci_j = Xigl" — Xj^y (1 < * < i < n). One easily sees that NCij = CijN and that 
A£ij = CijA, thus LCij — CijL and DCi,j — Ci,jD. In particular, if u is ?i-harmonic, so is Cf jU 
for every k G N. Applying lemma 7 to Ciju, for every < e < ^ and every < p < +oo, there exists 
a constant C such that for every 7i-harmonic function u, for every I < i < j < n and every fc € N, 
for every d, and every a G B„, 



(3.5) V^Cl^uia) < C{l~\a\)-^-T I Cl^u{x)''dx . 

\JB{aMl-\ane) J 

Remark : Let V'^u be defined by 

p 
{XN'^u : X = []A,j,, P + q<k}, 
1=1 
then (3.5) implies that lemma 7 stays true if we replace N'^ by V'^m. But, outside a fixed neighborhood 



y of 0, 



V'^u 



IV'^ul, thus for every a G B„ \ V 



\JB(a,2(l-\a-\^)e) J 

As for a E V one can apply theorem 6 on B(a, 2(1 — \a\ )e) with constants independent of a, we get 
the previous inequality on V (recall that V*^ means the set of all derivatves of order less than k). We 
thus get the following proposition : 

Proposition 8. For every < e < ^ and every < p < +oo, there exists a constant C such that for 
every H-harmonic function u, every A: G N, d > 0, and for every a G B„, 

\S/^+'^u{a)\ < C(l - Hy^-"^ ( / \Sj''u{x)?'dx\ . 

\J B[afi{l-\a\^)e) J 

Remark 1 : In the sequel, we will not distinguish anymore between V*^ and V'^. 

Remark 2 : The previous inequality can be restated in an invariant form under the action of the 

group, using invariant gradient and, more generally covariant derivation, if 

Corollary 9. Let < a < f3 < 1, k,d E N. Then there exists a constant c such that for every 

Ti-harmonic function u, 

M„((l - \z\YV'^N^u) < cMpiN^u). 
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Proof. This is an immediate consequence of lemma 7 and the fact that if a < /3 and if e is smaU 
enough then, for every £_ e §"^^ and every a £ Aa{0^ B{a, 6(1 — \a\ )e) C .A/3(^). □ 

3.2. Integration over non-tangential approach regions. For F a closed subset of §"^^, the tent 
over F is defined by 

Uo^iF) = U Ao.{£.)- 

We will need the two following lemmas for integration over tents. Their proofs are similar to the ones 

for integration over tents in W^^ {see |17|| ). 

Lemma 10. For every < a < 1, there exists a constant C^ such that for every positive function <I>, 

^{x)dx \ da{^) < C„ / ^x){l - {xD^'-^dx. 

F [JAc^iO J Jnc,{F) 

As in the R"^^ case, the converse of this lemma is more complicated : let F be a closed subset of 
§"^^ and let < 7 < 1. A point ^ of S"~^ is called a ^-density point of F if 

a[B{i)C^F] ^ 
a[B{£,) n §"-!] - ^ 
for every ball B{^) centered in f . 

We will denote by F* the set of 7-density points of F. The converse of lemma 10 is then : 
Lemma 11. Let < a < 1. Then there exists 7, < 7 < 1 sufhciently near to 1 such that, for every 
closed subset F ofS'^^-^ and every positive function $, we have 

$(x)(l - |a;|)"^ida; < C„ ^ / i / ^{x)dx \ da{^). 
TC„(F-) ' Jf [Ja^H) J 

A direct consequence of these two lemmas is the following (see 0) : 
Lemma 12. For < p < 2, for < a, P < 1, there exists constants Ci, C2 such that for every C^ 
function u on B„, 

Similar estimates are valid if we replace Sa by S^ . 

3.3. Consequences of the mean value inequalities. Let I E M and / a function defined on B„. 
Define /;/ by 

IifirC) = r f{tC){l - ty-'dt, < r < 1, C e §"-^ 

Jq 
The following lemma is a direct consequence of the mean value inequalities and its proof follows 
the main lines of the upper half-line case (see |16[ pages 214-216) or the A^-harmonic function case 
ini. 

Lemma 13. For 0<a<f3<l,j>—^,lEM. and d E N, there exists a constant C such that, for 
every ^ e §"~^, and for every T-C-harmonic function u 

[hiV'^N'^u)] {zf{l - \z\f^dz <C f \N''u{z)f{l - |z|)2('+T-'')dz. 

.Ao(C) JAfiiC) 

Remark : If Hs a positive integer, then N^h = g implies 

\h\ <C 
This leads to the following lemma (see M for the proof in case of Al-harmonic functions) 



Ii\q\+ max \V^h(z) 

'■^' j<l-l,\z\<e^ 
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Lemma 14. For < a < P < 1,7>— ^ and d G N, there exists a constant C such that, for every 
C G S"^^, and every T-C-harmonic function u, 



\W'^u\{zf{l~\z\f^dz<C / \n''u{z)\ {1 - \z\)^^''+^-'^^dz + C sup \W''-'^u{z)\ . 

The last lemma we will need is also similar to the R""^^ case (fl^l, page 207) and results directly 
from the mean value inequality : 

Lemma 15. Let < a < j3 < 1, There exists a constant C such that for every £_ E §"^^ and for 
every Ti.-harmonic function u 

1. if\u\ < 1 on ApiO then (1 - \xf)S/u < C on A^O, 

2. ifS[3[u]{^) < 1 then (1 - \x\^)Vu < C on AdO- 

4. Characterization of TiP by maximal functions, area integrals and 

LITTLEWOOD-PALEY g-FUNCTIONS 

In this section we extend the theory of Fefferman-Stein g to the HJ' spaces. 

4.1. Maximal Characterization oiTiP. From the definition of Al[u] and A1q,[u], it is obvious that 
M[u] < Ma[u], in particular, if Ma[u] G LP{^"-^) then M[u] G LP(S"~1). The next proposition 
claims that the converse is true for ?i-harmonic functions as well as for their normal derivatives. 
Proposition 16. For 0<a<l,0<p< +oo, for every integer k > and for every Ti-harmonic 
function u, the following are equivalent : 

1. M[N^u\ G LP(§"^i), 

2. Mo,[N^u] G iP(§"-i). 

Moreover, there exists C — Ca,p such that for every Ti-harmonic function u, 

\\M\N^u]\\ <\\MJn''u]\\ <C\\M\n''u]\\ . 
Proof. According to lemma 7, for a G Aa{C,) 



\N''u{a)y <C(l-|a|)-" / \N^ u{lo)Y du . 

J B[aa(l-\a\)e) 

Integrating in polar coordinates lo — rrj, we see that rj G B((,c{l — \a\)) and bounding A'^'^u(cj) by 
M [N'^u] (C) we get 



\N'^uia)\^ <Cil-\a\r^ [M[N'u]iOV dai^ x 

"'B(C,c(l-|a|)jnS"-i 



<C(l-|a| 



's(c,c(i--|a|))nS"-i 
But a[B{C,c{l - \a\)) nS""!] - (1 - |a|)"-i therefore 



[M[N'^u\iOrda{0- 



Ma[N''u{C)]^ <CM 



HL 



M N^u 



(C) 



|a|+2(l-|a|)e 



|a|-2(l~|a|)e 



„n-l 



dr 



where M.hl is Hardy-Littlewood's maximal function on §" ^ . We just have to use the fact that M.hl 
is bounded ^^(g"-!) ^ L2(-gn-i) ^^ complete the proof. □ 

Remark 1 : This proposition, whose proof is directly inspired from the W]^'^ case in B depends only 
on the mean value inequalities (lemma 7). Thus, it remains true if we replace N'^ by V*^ or by C^ ^ 
(thus also by (— Ao-)'^^^) as long as we replace lemma 7 by proposition 8 or by inequality (3.5). 
Remark 2 : For fc = this is equivalence (1) <^ (2) of theorem A. 
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4.2. Tid'-harmonic functions. To take advantage of inequalities on harmonic functions on M"^^, one 
is often led to introduce the function u^{x, t) = u{x, t -\- e) which is still harmonic if u is, and which is 
smooth up to the boundary. One then hopes to get estimates that are independent of e and then let 
e go to 0. 

In the case of 7i-harmonic functions, we would like to operate in the same way. Unfortunately, 
if u is 7i-harmonic, the function u^{x) = w((l — s)x) may not be 7i-harmonic. We are thus led to 
introduce the following notion. 



* IR" 



IR'- 




Figure 3. Function Ue 
Definition. Let < (5 < 1 and let Ds be the operator defined by 



Ds = {l- 5V2)2a + 2{n - 2)5\l - 5\^) ^ : 



' dxi ' 



We will say that u a smooth function on B„ is Hs-harmonic if Dgu = 0. 

An easy computation shows that if u is 7i-harmonic, then the function v defined by v(x) = u{5x) 
is Ti^-harmonic, i.e. Dgu = or also Lsu = with 

Ls = {l- S\^)A + 2{n - 2)6^ ^ x~. 

1 OXi 

To this laplacian, one can associate the Ti^-Poisson kernel given by its spherical harmonics expansion 



h.S 



K,0 = E/'('5'^'V4(0' 



1=0 



to which we can associate Ti^-Poisson integrals. 

Note also that we obtain a family of operators Dg such that Dq = A, the Euclidean laplacian and 
Di ~ D the hyperbolic laplacian. Similarely, notice that Ph,o = Pe and P/(_i = P^,. 

Green's formula for this Laplacian is 



dx 



u(x)Dsv(x) — v(x)Dsu(x)) ,— 

n \l-S^\x\y 



an 



dv du 
on on 



da 



(l-(52r2)«- 



One can check that proofs of chapter pj can be reproduced for TY^-harmonic functions, in particular, 
the mean value inequality (lemma 7) remains valid with constants independent from 5. More precisely, 
we obtain : 

Lemma 17. For every e < i, fe, (i S N, < p < +oo, there exists a constant c such that, for every 
i < (5 < 1, every Tig -harmonic function u and every a S B„, 



y''N''u{a)\ <c(l- \a\ 



S(a,6(l-|ap)e) 



\N''u{x)fdx 
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We will need the following estimates : 
Proposition 18. There exists a constant C such that for every < S < 1, every a; e B„ and every 

In particular, for every < a < 1, there exists a constant C such that if f G _L^(S"~^) and u — Fh.slf] 
then 

I1a^oMI1l2(S"-i)<c'|1/|1^.(s„_,). 

Conversely, there exists 77 > and a constant C > such that for all < S < 1, for all ^ € S"~^ 
and all x G Ar^{C), 



(i-i.xr)"-i 

Proof. Ti^-harmonie funetions satisfy the maximuiii principle, so the Poisson kernel P^ ,5 is positive. 
Fix ^0 G S"^"'^ and let u{x) — Pft,5(a;,^o)- With the mean value inequality (lemma 17) 



- |a;| )" JB(x,i-\i 
and as /g„-i u{rC,)da{Q — 1, we get 



< u{x) < -^ / u{y)dy < -^ / / u{rC)daiOr^-Ur 



\5(x,Co)< 



(i-N>-i 

with C independent from ^0 and from S. But Pe(a;,^o) — /-|_|'^g^„-l in ^q(Co) thus P/j < CPg in the 

interior of ^^^(^o)- 

On the other hand, NPe{rC,£,a) has same sign as 

-2r [(1 - r)2 + r(l- < C, ^0 >)] - n{l -r^){r-l + (1- < C, Co >)) 

so it is negative in B„ \ Ad^o) for a big enough. This leads to DsPe < on B„ \ ^^(^o) and 

C¥e{x, ^0) — Fh{x, Co) > on the boundary of B„ \ ^0,(^0) (with C independent from S and from ^o), 

thus, by the maximum principle ¥^,5 < CPe on B„ \ Aa{^o)- '> 

For the other inequality, first notice that 

l>0 

and as Zi(C) = 1, it turns out that 

PMK,e)>Fe(re,o> (^_';,yi . 

But ¥iis is Ti^-harmonic and therefore satisfies mean value inequalities (lemma 17), i.e. 

|vp,,,(x,oi <-— -^727;— / , , \nAy,0\dy 

(1- la;] )"+! JB{x.Ml-\x\^)e) 



{l-\x\y 



Thus, by the fundamental theorem of calculus. 
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VhAx,0>Vh{\x\^,0-dix,\x\0 sup \VPh.5{x,0\ 

lx,\x\i] 



> 



Ci 



Co 



d{x,\x\C) 



(i-N>-i ii-\x\'y 



Then, if 77 is small enough to have C2d{x, \x\^) < Ci(l — |a;| ) in Ajj{£,), then in Arf{£,), 

C 



\Ax,o> 



(i-N>-i 



D 



4.3. Characterization by area integral. In this chapter we characterize TC^ in terms of area 
integrals. The proof is inspired by [p| but needs an adaptation to the fact that Ti^-harmonic functions 
are not 7Y-harnionic. More precisely we will prove the following part of theorem A : 
Theorem 19. For < p < 2 and u T-C-harmonic, the following are equivalent : 

1. A^Q,[u] G LP for some a, < a < 1, 

2. Sa[u] e LP for some a, < a < 1, 

3. S^[u] e LP for some a, < a < I. 

Proof. Let us show that ||5'/3[u]|| < C||7Wq[u]|J . According to proposition 16, we may assume a < f3. 
Assume first that u is the Poisson integral of an L^ function. 
Notation : For a measurable function / : §"^^ 1-^ R, we will write 

Xf{x)=a[{Ce§"-' : \fm>x}]. 

Fix momentarily fi > 0. Let E ^ {^ e S""^ : Ma[u\ < ^i} and B = S""^ \ £■ so that 
^Mo,lu]{^^) = ^{B)- Let Ti. = Tl.p[E) = UfeB-^/sC?)- There exists an increasing sequence of domains 
TZe with C^ smooth boundary such that TZ^ -^ TZ. 




%. 



^p(E) 



Figure 4. np{F) et 7^^ 



Further, by definition of i?, we have |u(a;)| < /i in UfeB-^alO thus, with lemma 15, (1 — |a;| )Vt 
C^i in n. Then 



< 
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E JE 



\^u{x)\\l-\xyy+'dx 



2A-n+2^ 



-4^(0 



da{0 



<C / |Vu(x)|^(l- \xf)dx 
Jn 

according to lemma 10. But L\u\ = 2(1 — \x\ )|VM(a;)| , therefore 



Sp[uf{Od<y{0 <C I L\u\\l^\x\y- \ f"" 
E Jn (1 - la;] y 



(4.1) 



e— 



<Clim / L|wr(l-|a;r) 



2\n-l 



dx 



n. 



{l~\x\y 



Since L(l - |x|^)"-i = -2(n - 1)(1 - |a;|^)"-\ 



L\ufii-\xrr-' ''" 



n. 



(l-|a;r)«-i Jn 



il-\x\'r-'L\u\'-\ufLil-\x\'r-' 



dx 



(1-NT 



-2(n-l) / \u\ dx 
Jn^ 



< 



n. 



ii-\x\'r-'L\u\'-\u\'Lii-\x\'r-' 



dx 



(1-NT 



and Green's formula leads to 



Sp[uf{Oda{0<Clun 



an^ 



(l_|^|2)n-l^_ 1^,2^(1 -N 



2\n-l 



dn 



dn 



(1 - \x\'r- 



Now cut dTZe into two parts dTZf and dTZf where 



57^f = {r^ edUe : (. e E} and a7^f == {r^ e dUe : ^ e B}. 
— OndTZf, wehaveda-jz^ ^ da. Further sup^^Q |u(r^)| and sup^^q(1— r^)|Vu(r^)| are ini^(§"^^). 
Finaly, as u is the Poisson integral of an L^ function, limr^i(l — r'^)\Wu{rS,)\ ~ almost everywhere 
thus, by Lebesgues' lemma. 



dnt 



(1 - \xf)^danA^) ^ 
; on 



when £ — ^ 0. 

— We have already seen that 



(1 — |.t| )Wu(x) < Cfx and that \u{x)\ < jj, inTZ, thus 



(1 - \x\^)^danjx) < Cfi^ f dan^ < Cfi^a{B) = C^l^XM^lu]{^^)■ 
anf o^n Jq-jib 

On the other hand 

,2a(l-|a;|2)"-i danAx) 



\u\ 



lanf dn (1 _ \x\^Y-2 

since A1q[u] < /i on E. 
— Finally 



,2a(l-|a;|')"-i ^^^j^) 



an^ 



dn (l-lxr)-^ 



< C / MM{Od(T{£.) < C / iA^„H(t)di 

JE Jo 



< Cm' f da^ Cfi^aiB) = Cm'A^„[„](m). 
Jb 
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But then 

Xs,lu]i^^)^a[{^■.\Sf,ium\>^^}] 

=a[U : \Sp{um\ > M, and MMiO < ^^}] + ^[U : 1^/3^(01 > f^, and MMiO > f4] 



<- 



1 



M JMc[u]<fj. 



Sp[uf{Oda{0+a[{^ : X„M(e) > m}] 



<4 /^/3M'(e)d^(0 + A^„M(M) 
M Je 

and taking into account the previous estimates, we get 



(4.2) As^[„](/.)<C 

After integrating, we get 



1 f 

A^ "'0 



l|5/3NII"=p/ ti^-^Xs,[uMdti<c tJ'-'XM^iuMdt^ + c ^iP-^ t\M^^^]{t)dtd^l 



<c\\M^{u)\\l + c j t\M^[u]{t)J ^lP-''d^idt 
<c\\MUu)\\; 

since < p < 2. 

We have shown that HS'^MH^p < C|lu|l^p for every u e HP n P,,[l2(§"-1)] . But, with help of 
the atomic decomposition of Ti^ (see [Q), P;i[L^(§"^^)] is dense in TiP, we deduce the inequahty for 
every u^TiP. o 

Let us now show the impHcation "(2) ^ (1)" for < p < 2. More precisely, we will show that there 
exists a constant C such that for every 7i-harmonic function u, |1A^qM|L < C||S';3[w]|j . 

With proposition 16, up to a change of the constant C, we may assume that a < (3 and a < rj 
where r] is given by proposition 18 to be such that Phj{x,^) > j- — t^, _^ on .4„(^), an estimate we 

will use at the end of the proof of the theorem (see the proof of the claim). Let ^ < S < 1. Let u be 
an 7i-harmonic function satisfying Sp[u] £ LP(S"~^), and let us{x) — u{Sx), in particular us is a C°° 
function on B„ . 

We will show that HA^aiud'HL < C||5/3[u5]|| with C a constant independent from 6. The result 
follows by letting S ^ 1. 

For A* > 0, let ^ = {^ e §""1 : SpiusKO < m} and let B = S"-^ \ E, therefore As^[„,](^) = cr(B). 
Let Eq be the set of 7-density points of E where 7 is chosen so as to be able to apply lemma 11. Let 
Bq = S"^^ \ Eq. Note that by Hardy-Littlewood's maximal theorem, a{Bo) < Ca{B) < CXs„[u]{fJ')- 

Let 7?. ~ Ufe-E -^"(?) and let TZ^ be a sequence of domains with C^ boundary approximating 7?, 
and such that dist{TZe,S^'^^^) > e. We have 



Sp[usUrda{0 = 

Eq ^ Eq 



-A^(«) 



\^us{x)\\l-\x\')-^+'dx 



>C / {l-\x\^)\\7us{x)\^dx 
Jn 

>C f {l-\xf)\Vus{x)fdx 
Jn, 



da{0 



according to lemma 11. 
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Write Is ~ I (1 — \x\ )\Vus{x)\ dx. As us is Ti^-harmonic, -Laju^l {x) = 2(1 — 5'^\x\ )\Vus{x)\ . 



n. 



2|^|2\n-2 



Write v{x) = (1 - |a;r)(l - S^\x\'')''-^ , so that 



dx 



Is= il-\xn{l-6'\x\T-'Ls\us\'{x)-\us\'{x)Lsv{x)- 

Jn^ (1 - o-'lx] )" ^ 

..J"^^^^'' (1-^/5)"-'" 
Call ApiO == yl/3(0 n 7^e, as 



L^f (x) = - 2n(l + (n - 2)^2 _ j2(^ _ l)|a;|')(l - S^\xf)''-^ + A\x\\n - 2)(1 - d^){l - S^lxfY'-"^ 



> - 2n{l + {n - 2)6^) 



1- ''(—') M^' 
1 + (n - 2)(52 1^1 



> -C 



we get 



l"^l 



i5w(a;) 



n. 



(l-(52|x|')"-i 



dx>-C I / |w5(a;)r 

Bo "'-43(5) 



(l-(52|a;|^)"-i 



da; 



dx 



>-c I \hyus{x)\y 



>-c 



Bo-'^^/l?) 



|V^.,(x)|2(l-|xp)2 



dx 



(l-|x|>-i 



>-C/ VN](C)'da(0 

J Bo 



with lemma 13, for some /3' > /3. Finally 



5^,M(C)'da(0>CJ5 



where 



-Eo 



Js= I (1 - |x|^)(l - S'\xfr-'Ls\usf - \usfLsvix) J^^ 



Green's formula then leads to 



,d\us\ 



Js^ (1 - ixn^j^ix) - \usrix){i \xn 



2x2-n^^'(2;) 



dn 



d(7- 



n. 



(4.3) 



dn^ 



>C\ I lusl^dan^-Chl {1 - \xf)\us\\Wus\d<Jn^ 



on^ 



since — lf>Ci(l — r^)" ^ and Ci, C2 are independent from e and from S. 

Let i^Tg = (Jq-t? \us{x)\ d<Tii^{x) j which is finite since us is C°°. 
Then again, cut 97?.£ into two parts, 97?.£ = 97^^ U i97?.f with 



a7^f = {r^ cdUe : ^ G -Bq} and 97^f = {r^ C dUe : ^ G Bq}. 



With lemma 15, 



(1 — |x| )\Ius{x) < C^ in 7?. since Sfj[us\{S,) < fJ^ 'm Eq [C independent from 5). 



The Cauchy-Schwartz inequality then gives 
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dUi 



{1 - \x\^)\us(x)\\Wus{x)\d<JnAx) <K,fi<jnAdn^y' < CK,fia(B)-^ 



As us is C^ 



M,= I {1 - \xn\us\\\/us\dan, ^0 



when e ^ 0, thus (4.3) and Js < C J^^ Si3[us]{0^da{£_) imply 

JEo 

thus, if e is smah enough, 



(4.4) 



Ki<C 



-Eo 



Si3[us\{ifda{C) +^i'^Xs|,[us]{^J■) 



Next, define /e(C) = |w(5(^£(C)C) | + MX-Bo(C) where re{^)^ is a parameterization of dTZe- In vue of 
(4.4), /e is an L^ function and 

Let Us{x) be its T^^-Poisson integral. 
Claim : \usix)\ < CU^^x) in Tl^. 

We postpone the proof of this claim to the end of the proof of the theorem. 
Taking a subsequence of /^ that converges weakly to a function / e L^, it results from (4.4) that 



S"-i 



\fiOrda{0<C 



Si3[u5]i0^da{^) +fl^Xsf,lu,]{^J-) 



On the other hand, as |M5(a;)| < Ue{x) in TZe, going to the limit, |m5(x)| < U{x) in TZ where U — Ph.sif] 
is the H^-Poisson integral of /, thus for x & Eo, Ma[us]{x) < CMa[U]{x). So 



Mc.[usm'da{0 < C / Mo.[Um'dcj{e} < C / IfiOrdaiO. 

Eo JEo JS"-i 



It follows that 



cr{eeSo :AlaM >m}<C' 



1 f^ 

Xsf, [us] (p) + — tXs^ [us] {t)dt 
A* Jo 



and as o-(§" ^ \ ^o) = cr{B) < CXs^[us]ip-)i we get 



AA4„[«i](A^) < C 



1 f 

^Sfilus]{^^) + — t^Sfilus]{t)dt 

M ^0 



and an integration similar to the one after inequality (4.2) implies that there exists a constant C such 
that 



l|A^oMllp<q|5/3Mllp. 

We conclude by letting (5 go to 1. ♦ 

Proof of claim : Let Ux) = |u^(re(OOI + MXBo(C) et Ue{x) = nAfe\{x). 
We want to show that, for x G TZg, \us{x)\ < CUe{x). By the maximum principle, it is enough to 

prove this inequality on x e dTZ^ = dTZf U dTZf . 

— On dTZf, the inequality is true as long as we take C big enough. 
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— Recall that on TZe, (1 — |a;|)|VM5(a;)| < Cfi. Then, ii xi,X2 £ Tie, 

\usixi) ~ us{x2)\ < \xi - X2\ sup \Vus{x)\. 

x£[xi,X2] 

Thus, if xi G 7?.e and if X2 G B(^xi, ^(1 — \xi\ )), then 

(4.5) \us{xi) -us{x2)\ <Cn. 

Fix xi e dnf and let S^ be the portion of dTZf located in the ball B{xi, ^(1 - |a;i|^)). By (4.5), 

\us{xi)\ < — — — / i\us{x2)\ +Cfi)das{x2). 

<^e{Se) Js, 

Since dae — da and since B{xi,^{1 — |a;i| )) is of radius ^(1 — |a;i| ), crj(5e) ~ a(l — |a;i| )"~^. 
Therefore, by definition of /g, 

But, the Poisson kernel P/i.5(xi,^) is > , ^|^x„_i in v4q,(^), it follows that 

JEa 

and thus we have |u5| < Cfh,5[fe\ in TZe- o 

The equivalence "(2) <^ (3)" results immediately from lemma 14. D 

Remark 1 : The theorem is valid for functions u taking their values in a Hilbert space instead of M 
or C. The key point is that equality L\u\ — 2(1 — |a;| )|Vu| is valid in Hilbert spaces. 
Remark 2 : For the proof of "(1) => (2)", we have used density in Ti^ of Poisson integrals of i^ 
functions obtained with the atomic decomposition. We could also use Tia-harmonic functions. 

4.4. Characterization by Littlewood-Paley's ^-function. Due to the mean value inequality for 
7i-harmonic functions, one immediatly gets : 

Lemma 20. For every a with < a < 1 there exists a constant C such that for every Ti-harmonic 
function u and every ^ e S"^^, 

Proof. Simply adapt the M![+^ case from [|6|. D. 

Theorem 21. Let < p < 2. For every H-harmonic function u, the foUowing are equivalent : 

1. g[u] e LP(S"-i), 

2. g^{u] € LP(S"-i), 

3. Sa[u] E LP{E>"'^^) for some a, < a < 1 (thus for every a). 

Proof. Let H be the Hilbert space defined by 

H=L:[0,1]^C : I^IIh = ^ Ms)\\l - s^)ds < +^ 

Let u be an 7i-harmonic function such that g[u] E LP(§"^^). For < s < 1 define U{rC,) = Nu{rsC,), 
then 
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I|C/K)|Ih = Ik - ^"('^OIIh = / \NuirsOfil - s^)ds 



S\2\ ds 



,f|v„«,p(i-(£)^) 

1 /"^ 



^ Jo 

<Cg[u]{Cf 



so 



X[C/](0= sup \\UirC)\\^<Cg[u]iOeLPiS"-'). 

0<r<l 

According to remark 1 after the proof of theorem 19, 

\\Sc.[U\<C\\M[U]l<C'\\g[u]\\^. 
Write Sa[U]{C) with the parameterization r{^)^ of dAa{C) ■ 

Js"-i Jo Jo 
and, with the change of variables t — rs, we get, changing order of integration 

S^[U]{Cf -^^ ^ ^'*^' ^'*^' |ViV(tOl' ( 1 - (I) j ^(1 - r^-^^r^-'drdtda 
>/ / |V7VM(tOI / (r-t)(l-r)2-"drr-3dtdcr(C) 



But, if 1-f > 2(1 -r(0) 



r(4) .l-t 

{r -t){l- rf-'^dr = / s^-'\l - t - s)ds > C{1 - tf-"" 



It Jl-riO 

thus there exists (3 < a such that 



Sc[u]{cf > / \N^u{to\ {I - tf-''e-^dtda{0 



>C / \hN^u{t()\ {l-ty-''t''-'-dtda{C) 

with /?'</? according to lemma 13, thus Sa[U]{C,)'^ > CS^,[u]{C,), which completes the proof of 

(1)^(2).^ 

The equivalence (1) <=> (3) results directly from lemma 14. □ 

5. Characterization of Hardy-Sobolev spaces 

In this section, wc prove theorems B and C. 

In these theorems, that M can be replaced by Ma is a direct consequence of the mean value 
inequality {see proposition 16 and the remarks following it). We will need the following. 
Notation : For an integer fc > 1 , write Afc for the set of indices 

Afe = {{ij) eNxN : 0<i<fc, 0<j<fc + l, j even, l<i+j<k+l}. 
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Figure 5. The set Ak (here with k even) 

Lemina22. For every k > 1, there exists two families of polynomials (^p!- ) _, \k] ^'^^ {Qi ■!) /■ -ip* 
such that for every Ti-harmonic function u and every k, 



{l-r^)N''+^u + 2(n-l-k)N''u^"^P^''\r)Aiu+(l-r^) ^ q\';J (r) N' A3 '^ 

j=i (ij)eAfc 

Moreover, the polynomials PLL] ^^^ Q rfc+n ^^'^ ^'^^ zero on the boundary. 

Proof. Using the radial-tangential expression of D, we can see that if Du = then 

(5.1) (1 - r'^)N'^u + 2(n - 2)Nu = (1 - r'^)[{n - 2)Nu - A^u]. 

The lemma is thus verified for fc = 1 with Q\^ ^{r) = n — 2, Qq f^if) = ^1- 
Applying N''~^ to equation (5.1) leads to 



k—l k — 2 

(1 - r2)7Vfc+i^ + (n - 1 - k)N''u -r^ J^ af^N'u + r^ ^ bf'^ N' A^u 

1 = 1 1=0 

+ (1 - r^) [{n - 2k)N''u - N^-^ A^u] 

and we conclude with the induction hypothesis. □ 

The equivalence of la and 16 as well as the equivalence of 2a and 2& in theorem C have already 

been shown. We will now prove the remaining of this theorem. 

Theorem 23. For 0<Q;<l,0<p<-|-oo, for every integer < k < n — 2 and for every Ti-harmonic 

function u, the following are equivalent : 
1. If k is even 

(a) Ma [N'u] e LP(§"-i), for < j < k, 

(b) M^Aiu] e LP(§"-i), for < i < I, 

(c) Ma[y^u] e LP(§"-i) for < j < k. 
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2.1fk is odd 

(a) Mc [N^u] e LP(§"-^), for < j < k, 



(b) A1„[A>J e iP(§"-i), for < j < ^, and M 



(l-r2)A„^ u 



€ iP(§"-i). 



Remark : li Ada 



A3u 



E LP(§" ^) then, by the mean value properties, we get that 



Mc 



{l-r^)Aa^ u eLP(§"-i). 



Hence Hi C H^_^. 

Proof. The theorem is of course true for fc = 0. Assume the result holds up to rank fc — 1. 

Assume first that k is even. Implication (c) => (fe) is obvious. Let us show (6) => (a). 

Let M be an 7i-harmonic function that satisfies (5), and let 



(5.2) 

According to lemma 22, 



v = 2{n-l- k)N''u + (1 - r^)N''+^u. 



v{rC) - ^Pf (r)A> + (1 - r2) ^ Q|5(r)7V^A|u. 
i=i (iJ)eAfc 

Then, with hypothesis (6), for < j < f , Al„[A^u] e L^ thus 



Mc 



Y.Pf\r)Ai 



e LP(§"-i). 



On the other hand, corollary 9 implies that 



Mc 






<C ^ Mp 

(ij)GAfc_iU(0,0) 



TV'A^u 



e LP(§" 



since by proposition 16 A1q,[A^V] Wtp ^^'^ -^ 



'/9 



and since, by induction hypothesis. Ma 



TV* A J 



-^V] rp s-re equivalent for 7i-harmonic functions 
e LP(§"-i). We deduce from it that M4v] e 



LP(§" 1). But, solving the differential equation (5.2), we get 



(5.3) 



N''u{rC) 



l_j.2 



viK): 



j-2n-3-2fe 



+2Vi-fc 



dt 



thus Ma [N'^u] e LP{S"-^) since fc < n - 2. 

Assume now that u satisfies (a) ie. that Ma[N^u\ e L''(§"^-'^) for j < k and let us show that 
Ma[Hu\ e LP(S"-i) for j < |. Let 1 > /3 > a. 

According to the induction hypothesis, for j < f — 1, Ala[A^u] e _LP(§"^^) then 



Mc 



fc_i 



E^^^'W^: 



i=i 



e lp(§"-1). 



With corollary 9, Ma[il - r'^)N''+^u] < CM,3[N''u] e LP(§"-1), by proposition 16. As, for a 
regular function ip, 

M„[(l-r2)^] <C{Ma[{l-r^fNip] +|^(0)|). 
Finally, iterating this inequality, for (i,j) E A^, 
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Mc 



{l-r^)Qf {r)N'AJu 



<CMc 
<CMc 



(l-r")iV*A^u 



{l-r')''-'+'N''A3u 



fc-i 



C^|VJw(0)| 



<C^Mi3[N^u\, 



j=o 



by corollary 9 and k — i + 1 > j since {i,j) G A^. So, with proposition 16, C'X^j^o -^/3[-^"''"] ^ 
LP(S"-i), thus 



We then get from lemma 22 that MalPl/li^)^ 
boundary, Ada 



)A„ U 



e LP(§'' 



e LP(§" ), and as P;,2 is not zero on the 



(fc) 

fe/2 



. fe/2 
Act U 



e LP(§" -'^). So (a) and (6) arc equivalent. 

Let us now show that (a) + (b) implies (c). It is enough to show this implication for X a differential 
operator of the form X = A^-'Y with Y a product of fc — j operators of the form £jj. We can assume 
that j < k. Let 

w = (1 - r^)N'+^u + 2(n - 1 - j)7V^M 
and compose with Y, it results that 

Yw = (1 - r^)N^+^Yu + 2(n - 1 - j)N^Yu. 
Using as previously formula (5.3), we see that 

Mai^u] e LP(§"-i) 
which completes the proof in the case k is even. 

Assume now that k is odd. The proof of (b) => (a) is similar to case k even. The converse 
is again based on lemma 22. According to the induction hypothesis, A1q[A^u] G LP(§"~^) for 
< ; < ^ = [f ] so that 



Ma 






e LP{S 



n-l\ 



One has, as before. 



Ma 



(ij)eAfc\(0,fc+l) 

and that Ma[{l - r^)N^+^] e LP(§"-1). 
Combining all this, we get that 



e iP(§"-i) 



M. 



(i-'^')0S+iMA.^^il ei^(§"-i) 



i(fe) 



and as Qg fc+i is non-zero on the boundary, we finaly get 



Ma 



{l-r^)Aa^ u eLP{S' 



and (a) and (b) are equivalent. 



D 
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We will now prove the area integral characterization in theorem B. 
Proof of theorem B. The fact that Sa can be replaced by S^ is a direct consequence of lemma 14 

(with 7 = — 2^ + 1). Further, as 



NAt^^u 



<CIk{N^+^Al'^u)+ sup |V^m|, 

0<j<2fe,|z|<e 



SO, lemma 14 and the mean value inequality imply that 



S. 



N 



^fe/2 



<S^[N''u] 



iT-CPi 



SO that 8 implies 5. 

Let us now prove that if, for < j < f , ^a [A>] e LP{§"-^), then S^[N''u] e LP(§"-^). The 
proof goes according to the method developped for the equivalence of maximal functions. 

For simplicity, we will restrict our attention to the case k = 1. In order to estimate S^[Nu], we 
have to estimate Nu. While trying to use the previous method, lemma 22 for k — 2 does not give a 
satisfying estimate. However, we can obtain the desired estimate as follows. Denote by v the function 

v = 2(n- 2)Nu + (1 - r'^)N'^u, 

then Nv == 2{n-'i)N'^u+{l~r'^)N'^u+2{l-r'^)N'^u and write this in the form Nv = w + 2{l-r'^)N'^u. 
As before, solving the differential equation (1 — r'^)N'^u + 2{n — '5)N'^u = w, we have 

/I 2 \ ^^3 /"r 

N^u{rC) = ( ^-^ J / «;(tz)t2("-3)+i(l - t^-^dt 

so that 

(5.4) \N'u{rC)\ < C(l - r^r-'l3-ni\w\). 

On the other hand, by lemma 22 for k — I, 



V ^ (n - 2){1 - r^)Nu - (1 - r'^)A„u, 



so 



Nv^{n- 2)(1 - r^)N^u - (1 - r'^)N A^u + 2r'^ A„u - 2r^(n - 2)Nu. 

Recall that |/| < C/((|iV'/|) + Csup|^|<^^j.<; |VV|, and that /fe+i(|/|) < /fe(|/|). Using these facts, 
one gets 

\w\ <\Nv\+2{l-r'^)\N'^u\ 

<C{li{\NA„u\) +Ii{\N^u\) + {l-r^)\N^u\ + {l-r^)\NA„u\) + sup |V^u|. 

0<j<3,|z|<e 

Inserting this in (5.4), and invoking the facts that /(((I — »'^)|/|) = -^;+i(|/|) and that Ii{Is\f\) < 
CIi+s{\f\), one gets 



N^uirC)\<C{l-ry'-''\h-n{\NA„u\)+h-n{\N'u\)+ sup \V^u\\. 

\ |z|<e,0<j<3 / 



We are now in position to estimate S^ [Nu 
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<C 



[l4-ni\N^u\)]^{l-\x\^)''-^dx+ sup |V^w| 

-4„(C) \z\<s,0<]<3 



A further appeal to lemma 13, with l = A — n, d = 0, k = 2 and 7 



2^ leads to 



^c(C) 



[h^n{\N\\)]\l - \x\^)''-^dx <C \N^u\\l - \xf)^-''dx. 



Aj(C) 



A last appeal to lemma 13, with l = A — n, d = Q, k = l and 7 = '^^^^ leads to 



AJ 



[/4-„(|iVA,7i|)]'(l - |xn"-*dx < C \ \NA,u\\\ - \x\y-'^dx < CS' 

by the mean value properties. As the only part that matters in this last integral is the part near to 
the boundary, we will cut it into two parts. Let k be a constant that we will fix later. Then 



iN^ul^l^lxl^-^dxK 



-4^(0 



\N^u\\l-\x\y-''dx 



Afi{QnB{0,K) 



AuiOn(K„\B(0,K)) 



\N^u\\l - \x\^)^-''dx 



<C sup |V%| + (1-k2)2 f 

\z\<K,0<j<3 J Afs 



(C) 



\N'^u?{\-\x\^f-''dx. 



Grouping the above estimates, we finaly get 



(5.5) S^[Nu]{(:r<CS. 



^ AJu {Cf + C{l-K^fSp[Nu]{(:f + C sup |V%|. 

NI<K,0<j<3 

But this inequality depends only on the mean value inequality, in particular, one can replace u in 
(5.5) by us(x) — u{Sx) and get 



s!^[NusKcy<cs. 



A^us 



{Cr + Cil-KySj^[Nus]{0+C sup |V^u^| 

|z|<K,0<j<3 



with constants independant on i < (5 < 1. Then taking iP(S" ^) norms, one gets 



\S^[Nus]\l<C 
<C 



s. 



N 



s. 



N 



A^us 
A3u 



+ C'il - K^)\\S'^ [Nus] lip + C\\u\\^, 



+ C'{1-^) S^[Nus]\+C\\u\\ 



HP' 



with lemma 12. It is now enough to choose k such that C"(l — k?) = i, then 



K[Nus]\l<^ 



S. 



N 



ASu 



jhWnp- 



We then conclude by monotone convergence when 5^1. 

So far we have proved the equivalence of properties 1 to 8 and that 9 implies these properties. To 
see that 9 is actually equivalent to them, it is enough to see that in 9, V*^ can be replaced by any 
operator of the form A^Y where Y is a product of A: — 1 operators of the form Cij. This is then a 
direct consequence of 2 and 7. □ 
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6. LiPSCHITZ SPACES AND ZyGMUND CLASSES 



6.1. Lipschitz spaces. 



Lemma 24. Let fc e N and < a < 1. Assume further that if n is odd then k < n — 2. There exists 
a constant C such that for every f G C'^"'""(§"^^), for every rS, G B„, 



2\a 



In particular, P^ [/] G C 



k+al 



(l-r^)MV'=P;,[/](rO <C(l-r^) 



j(fe) 



Proof. Fix ^0 € §" , there exists P, , a combination of spherical harmonics of order less than 



j(fe) 



such that the Taylor polynomials of order k at ^g of Pf and of / coincide. Then 

But then, P,J/] = P„ [P^(f ] + P^ [/ - P^";^ . 

From the spherical harmonics expansion of P^, if n is odd and fc < n — 2, or if n is even, there exists 
a constant C, independent of ^o such that 



D(fc) 
Co 



Qh 



<c\\!\\c.. 



To estimate V'^H 



f-P^ 



(k) 



we need the following estimates on the hyperbolic Poisson kernel : 



1. \v''¥u{rC,0\< 

2. IV^P^CrCOl < 



C 



[1 — 7-')"-l+'= ' 

c 



provided rC, € Aa^. (C) for some a^ small enough. 



(i-<C,^>)"-^+'^ 

Both estimates result directly from the mean value inequalities applied to the 7i-harmonic function 
u{rO = Pft(rC,C), C G S""^ fixed. 

Furthermore, we are only interested in the estimates when rC, is "near" to §"^^, i.e. r near to 1. 
In this case (2) holds when 1 — {(, ^) < Cfc(l — r). Then 



(1-rf 



f-P^ 



(fe) 



Ko) <(1 - rf / |V'=P,(rC,eo)| fiO - P^'^ daiO 

<(1 - r)' f IV^P.lrCeo)! fiO P^'^ daiO 

+ (1 - r)'^ f |V'=P,(rC,eo)| /(O - P^'^ d<j(0 

"'l-{«,Co)>Cfc(l-r) 

+ C f (l-<e,eo>)-("-^)+"da(?) 

"'l-(e,«o>>Cfc(l-r) 

where for the first integral we have used estimate (1) on F^ and for the second we have used estimate 
(2). This immediatly leads to the desired result. D 

Remark : When n is even, lemma 3 and the result in the Euclidean case give directly the result. 

The converse of this result can also be obtained by a transfer from the Euclidean case : 
Lemma 25. Let fc G N and < a < 1. Let f be a distribution on §"^^ and let u = Fh[f]. Assume 
that there exists a constant C such that u satisfies the following inequality : 



{l-r'^f\v''u{r£,)\ < C(l - r^) 



2\Q 



Then f G C'=+"(§"-i). 
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Proof. Let v = Pe[/]. Then, by lemma 4, for r( e B„, 

^(^C) = / ri{r, s)u{rs()ds. 
Jo 
But the estimates on j] imply that 

(l-r2)'=|v'=i;(rO| <C{l-r'^)°'. 

Thus, with the result on Euclidean harmonic functions, / e C'^+"(S"^^). □ 

Remark : When n is odd, ii k > n — 1, the condition (1 — r^)''\\/'^u{r£_)\ < C{1 — r^)". is reduced to 
u constant. 

6.2. Zygmund classes. Let us fix ^q & S"~^ and denote for ^ e S"^^ by R^ a rotation on §"^^ that 
maps ^0 to ^. Let Rt be the reverse rotation that maps ^ to ^o- 
Define the Zygmund class of order n on S"^^ by 

Z„(§"-i) = {/eC"-2(gn-i) . |A^7(C)|<C(l-(C,e>)""'} 
where A? is the difference operator defined by induction on j by 

A|/(C) = /(i?K) - /(C) 

and Af V = A|(A^^/). 

Define the Zygmund class of order n on B„ by 

^„(B„) = {/ e C"-2(gj . ||a;^''^/(C)||^^(„^^ < C\hr' for any curve 7 : [0, 1] ^ B„} 
where A^ is the difference operator along 7 also defined inductively by 

Af^^u{z) = uo 7(ft,) — uo 7(0) 

where 7(0) = z, and A^+^^'^u = AJ^^'^(A^;''u). 

It follows from standard methods (using the mean-value properties) that the set of 7i-harmonic 
functions belonging to the Zygmund class is given by : 

{uH- harmonic, u G 2'„(B„)} =<ue C""^(B„), uH- harmonic, |V"m(z)| < -- 

I -'- ^ p| 

C 



= \u e C""VB„), uH- harmonic, \N"u(z)\ < —] 

I 1 - UN 



The next theorem states that this class is the set of 7i-harmonic extensions of members of the Zygmund 
class of order n on §"^^. 

Theorem 26. A function f belongs to Z„(S"^^) if and only if u — P/i[/] belongs to Z„(B„). 
Proof. The proof follows from standard arguments. Let us first prove that P/i[/] G Z„(B„) when 
/ e Z„(§"-i). Note that, for fixed ^ e S"~^, 

N^,Fh{zC,Od<j{0=0 

for any j > I, since P/i has integral 1 on §"^^. Using this fact and the symmetry under rotations of 
P/i(rC, .), we get that 

nirCOfiOdaiO = - I N-¥h{rC,0^'if{{Rir^'^o)da{0- 



Now, by assumption. 



^f7((^|)""^Co) < C{1 - (C,?o))""\ so that the desired estimate follows as 



in the proof of lemma 24. 
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For the converse, by the same proof as m lemma 25, we get that v — Pe[f] belongs to Z„(B„) and 
we conclude that / G Z„(§"^^) from the euclidean harmonic theory. 

Remark : It is proved in p2[ that any 7i-harmonic function u is at most in Z„(B„). In other words, it 
means that the Zygmund class of order n is the limit class preserved by the hyperbolic Poisson kernel. 



[9 
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